© Number and Algebra

Assessment statements

2.1 The sets of natural numbers, N; integers, Z; rational numbers, @; and
real numbers, R.

2.2.1  Approximation: decimal places; significant figures. Percentage errors.

2.2.2 Estimation.

2.3.1  Expressing numbers in the form a X 10K where 1 < a < 10 and k€ Z.

2.3.2  Operations with numbers expressed in the form a X 10k where
1<a<10andkeZ

2.4 SI (Systéme International) and other basic units of measurement: for
example, gram (g), metre (m), second (s), litre (I), metre per second
(ms="), Celsius and Fahrenheit scales.

2.7.5 Solutions of pairs of linear equations in two variables by use of a GDC.

2.7.6 Solutions of quadratic equations: by factorizing; by use of a GDC.

Artefacts, dating from 30 000 BCE, Over‘"ew

can be found which show
notches cut into them similar
to today’s tally marks. Obviously
these notches were used for
counting, and are an example
of an early form of written
language. How has the
development of number
systems affected civilization?

By the end of this chapter you will be able to:

e explain number concepts, including different number systems

e show how the differences between these number systems affect
approximations and calculations

express numbers in scientific notation or standard form
understand and know how to use SI (Systéme International) units
solve systems of linear and quadratic equations.

For a complete definition

of real numbers, visit www.
heinemann.co.uk/hotlinks,
enter the express code 4310P
and click on weblink 2.1.

@ Organization of numbers

e Q) —— ) 1

72yl The sets of natural numbers, N; integers, Z; rational numbers, @; and
real numbers, R.

Figure 2.1 The relationship The four main groups of numbers are the natural numbers (N), the

between the different types of integers (Z), the rational numbers (Q) and the real numbers (R). The
numbers can be represented natural numbers are those numbers you use for counting, such as 0, 1, 2,
ﬁuaHY using a Venn diagram. 3, etc. The integers include the natural numbers, as well as the negative

counting numbers, such as —2, —1, 0, 1, 2, etc. The rational numbers
include the integers (we will see why later) and all numbers that can be
written as a fraction or, more properly, as a ratio of two integers. The real
numbers include all numbers that can be given a decimal representation.

Rational numbers

The rational numbers include any number that can be written in the

form 1—6; where a and b are integers and b is not equal to 0. Some examples




of the rational numbers include %, 0.23, _TS and 16. The number 0.23 is

included in the list because it is equal to %, and 16 is included because

it is equal to 1—16 Note that _TS is equal to —1.66. All integers are therefore

also included in the rational numbers, as are all decimal numbers where the
decimal either terminates or repeats.

Real numbers

The real numbers include all numbers that can be represented by a
decimal, including 7, v/5, e and many more. If you look at the decimal
expansions of these numbers, they never repeat, and they never terminate.
When you write down 3.14 to approximate 77, you are rounding it off to

2 decimal places. In general, any square root of a number that is a prime
number will be irrational. Numbers that belong in R but do not belong in
Q are called irrational numbers (the symbol for which is Q").

Example2.1

Which number groups (N, Z, Q or R) include the following numbers?
0.454454445..., g V16, 0.000 000 002

Solution

For 0.454 454 445..., although it is clear we have a pattern in the digits, no
group of the digits repeats itself exactly, so this number is not a rational
number. It belongs in R but not in (). For 777, although this is a ratio of two
numbers, one of the two numbers is not an integer and there is no way

to simplify the fraction so that it will be an integer. This number would
also be grouped in R. v/16 is equal to 4, so this number would be most

appropriately grouped in N and hence Z, (D and R as well.
2 .
1000 000 000’

therefore it should be grouped in @ and hence it belongs to R as well.

0.000 000 002 is a rational number as it can be written as

1. List four examples of a number from each of:
a) natural numbers b) rational numbers
) integers d) real numbers

2. Find two numbers a and b such that % = 1.9 which shows that 1.9 is rational.

3. Explain why the number 5.17 is rational.
4. List all of the natural numbers less than 10.

5. Give an example of a rational number between 3.1 and 3.2. Express your
a
b
6. Using Figure 2.1 as an example, draw a Venn diagram to represent the
categories of each of the following numbers: —4, 4.5,v/2.25,0,0.7,

solution in the form = where a and b are integers b # 0.

If you know that the German
word for numbers is Zahlen, it
is clear why we use the symbol
Z for integers.

For more about integers, visit
www.heinemann.co.uk/
hotlinks, enter the express code
4310P and click on weblink 2.2.

For the first 100 digits of 7,

visit www.heinemann.co.uk/
hotlinks, enter the express code
4310P and click on weblink 2.3.
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7. Look at the following list of numbers:
—2.7,35,300000, %T V17,0
a) Which numbers are rational?
b) Which numbers are integers?

¢) Which numbers are irrational?
8. To which sets (N, Z, @, @', R) does 2'° belong?

9. Indicate which of the following numbers are irrational:

o.i,m,%—zt,g,mm 121112111 12...,?
10. Ais defined to be the set of numbers {4, —5, 6.3, 5.5 % V3, 24, O},

a) List the elements in A but not in @.

b) List the elementsin A but notin Z.

c) List the elements in A but not in N.

d) List the elementsin A andin Q’.

e) Give three examples of numbersin N, Z and Q.

11. Ais defined to be all of the prime numbers less than 20.
B is defined to be all integers less than 20.
Cis defined to be all numbers less than 10.

a) Give an example of a number which isin A, Band C.
b) List all of the elements of A.

c) Copy Figure 2.1 and then draw and label circles onto it to represent the sets

At the time of writing, the
A Band C.

world record for the number
of digits of 7 was

1241 100 000 000 digits, set in
2002 by Yasumasa Kanada of
Tokyo University. See

www.heinemann.co.uk/ - -
hotlinks, enter the express code @ N um bers n caICUIatlons
4310P and click on weblink 2.4.

m Approximation: decimal places; significant figures. Percentage errors.

Estimation

Advances in computer technology have allowed us a high degree of
accuracy in carrying out calculations, but this would not have been
possible without some important mathematical developments earlier in
our history.

ND hundreds

O tens
W) units
[ ]

one decimal place Q\ tenths
two decimal places Q\ hundredths

three decimal places \J thousandths

Decimal notation allows us to write numbers to a chosen degree of
accuracy. If we want to know the result of a calculation to within one
thousandth, we write down our number with 3 decimal places. For
example, 3.237 is written to 3 decimal places (since there are three digits to
the right of the decimal point) or to the nearest one thousandth, since the

A 7 represents the one thousandths position.

Figure 2.2 This chart allows us . L . .

to see the relationship between Sometimes we want to limit the accuracy to which we write our answer,
the number of decimal places of because of limitations with our original data. For instance, if we measure a
accuracy we want, and its position. table length as 185 centimetres, any calculations we use that number in are



limited to three digits, or significant figures, of accuracy. If we had

instead measured the table to the nearest metre and found it to be 2 metres
long, we could have only one significant figure in any answers to further
calculations involving this length.

Example measurement | Number of significant figures Table 2'_1 Th_'s eiolo gt
the relationship between

9304 t0 nearest 0.1 cm 4 measurements and significant
figures.

230.0 to nearest 1cm 3

230 to nearest 10cm 2

200 to nearest 100 cm 1

If we want to find the error in a measurement or calculation, we use the

formula percent error = ‘ 7‘ X 100, where v is the exact value of

the measurement and v, is the approximate value of the measurement.
Note that the vertical lines in this formula indicate that we must use the
absolute value of the result of the calculation, which means our answer
will be positive.

Example 2.2

If the height of a door is measured to be 220 cm, to the nearest centimetre,
find:

a) the minimum possible height of the door
b) the maximum possible height of the door

¢) the maximum error in this measurement.

Solution

a) Since we know the height of the door to the nearest centimetre, the
most we could be wrong is 0.5 cm. Therefore, the minimum height is
219.5 cm.

b) Using a similar argument as part a), the maximum height is 220.5 cm.

c) Percenterror = ‘7‘ X 100 or percent error = ‘ ’ X100
220.5 — 220 _[219.5 — 220
05| X 100 = 25555720 < 100
= 0.227% = —0.228%
Since |0.228%| is the larger of the two possible errors, it is the maximum
error.

If we want to find the error in a calculation, we have to take the individual
measurements in the calculation. Find a lower and an upper limit on each
measured value used in the calculation. Use these values to place a lower and
upper limit on the result of the calculation. Finally we can use our percent
error formula, as in the example above.




Number and Algebra

Example2.3

If Majed measures the radius, r, of a cylindrical drum to be 11 cm and the
height, h, of a cylinder to be 35 cm, both of which we can assume to be
accurate to at least the nearest centimetre, find the possible error in his
calculation of the volume of the cylinder. (Volume of a cylinder V = 7r2h)

Solution

First, Majed’s calculated volume would be approximately 13304.3 cm?.
We also know that 10.5 < r < 11.5 and that 34.5 < h < 35.5 from the
previous example. Hence:

V = 7(10.5)%(34.5) = 11949.1 cm3, or
V = 7(10.5)%(35.5) = 12295.4 cm?, or
V = m(11.5)%(34.5) = 14333.5cm?, or
V= m(11.5)%(35.5) = 14748.9 cm>.

We do all four of these calculations to find the minimum and maximum
possible values for our actual volume. Our possible percent errors are

therefore:
Va— v —
percent error = A x 100 = 123042 = WL 5400 ~ 11309
Va— Vv —
percent error = A Vi Ex 100 = 133041.?174813748'9 X 100 = —=9.79%

Since [11.3%| > |—9.79%|, our solution is that the largest percent error in
his calculation is 11.3% (to 3 significant figures).

When performing calculations, it is important to check that the final
answer makes sense. To do this, use nice round numbers for calculations to
first estimate the result.

Example2.4

Estimate the surface area of a cylinder with a radius of 13.35 m and a
height of 25.8 m.

Solution

The surface area of a cylinder is A = 27rh + 271 Let r = 13 m,
h=26mand 7= 3.14.

A =2(3.14)(13)(26) + 2(3.14)(13)?
=2122.64m? + 1061.32 m>
= 3183.96 m?

A~ 3180 m?

The other way to do estimation is to consider the reasonableness of the
solution. If you calculate a solution that seems unreasonable, especially
given the context of the question, then you may need to recalculate your
answer.



Write 412.4563

a) to the nearest tenth b) to the nearest one hundreth
) to 3 decimal places d) to 3 significant figures
e) to the nearest integer f) to the one hundreds place.

For each of the following numbers, write to 3 significant figures:

a) 345678 b) 34567.8
c) 0.000345678 d) 1010.1
e) 1200.02 f) 19

Find the percent error for each of the following, to 3 significant figures:

a) a measurement of 200 cm, to the nearest centimetre

b) a measured volume of a vase of 2.3 litres (1), when the actual volume is 2.5
o) the length of a sports field is 100 m, measured to the nearest centimetre

d) aras displayed on your calculator and %

The age of the universe, according to the ‘Big Bang theory, used to be quoted as
15000 000 000 years. With recent advances in technology, this has been revised
to 13.6 billion years. Assuming the revised figure is accurate, what is the percent
error between the original estimated age and the more current age of the
universe?

Estimate the volume of a cuboid (V = | X w X h) with dimensions of 2.1 m,
5.9 m and 6.4 m respectively. Find the percent error in your estimation and the
exact volume of the cuboid.

The length, width and height of a cardboard box are measured at 44 cm, 32 cm

and 25 cm respectively.

a) Using the formula V = [ X w X h, find the volume of the box.

b) The manufacturer indicates that the actual dimensions of the box are
44.3 cm, 32.4 cm and 24.6 cm. Find the exact volume of the box using these
dimensions.

c) Find the percent error between the measured volume and the actual
volume.

The area of a quilt is 2.35 m?.

a) Round this area to the nearest whole m?.

b) Round this area to the nearest tenth.

¢) Find the percent error between your solutions to the previous parts and the
actual area of the quilt.

A problem has an exact answer of x = 2.125.

a) Write down the exact value of x2.

b) State the value of x given correct to 2 significant figures.

) Calculate the percentage error if X is given correct to 2 significant figures.

a) Given the equation p = r? + 2gr, calculate the exact value of p when g = 3.6
and r = 24.

b) Write your answer to 2 significant figures.

c) Calculate the percent error between the exact answer from a) and the
approximate answer from b).

The total length of 1000 identical hinges is 3064.2 cm. Calculate the length of
one hinge, in metres.

a) Give your answer exactly.

b) Give your answer correct to three significant figures.

c) Find the percent error between your answers to part a) and part b).




Number and Algebra

3

2p° + 3
2 p,phasavalue of 2.03, g has a value of 451 and r

11. Inthe expression, x = T

has a value of 3.92.

a) Find the value of x.
b) Ifp, g and r are rounded to 1 decimal place, what is x?

o) Ifp,gand rare rounded to 1 significant figure, what is x?
d) Find the percent error in your answer to part b).

e) Find the percent error in your answer to part c).

12. a) Find the value of Va2 + b2 when a = 2.78 and b = 3.06.

b) Round your answer to part a) to:
(i) 2 significant figures
(i) 2 decimal places.

¢) Roundaand bto 1 decimal place, and find the value of va? + b? to:
(i) 2 significant figures
(i) 2 decimal places.

d) Find the percent error in your calculation for c) (ii).

@ Standard form

Table 2.2 Changing a number to 4
standard form.

Expressing numbers in the form a x 10K where 1 < a < 10 and
kez.

Operations with numbers expressed in the form a X 10K where
1<a<10andk €Z.

Standard form is just another way of representing numbers, and it is
generally used to simplify calculations with either very large or very small
numbers. Standard form is sometimes referred to as scientific notation.

A number written in standard form will be in the form a X 10%, where

1 <a<10and k € Z. For example, we would write 34 530 000 as

3.453 X 107, and 0.000 453 as 4.53 X 10~%. How we find these numbers is
by realizing that each time we multiply by 10 we move the decimal point
once right, and each time we divide by 10 we move the decimal point once
left. Positive powers of 10 correspond to multiplication by 10, negative
powers of 10 correspond to division by 10. So, 1.65 X 10°> means multiply
1.65 by 10 five times, which would mean move the decimal point five
places to the right, and hence this is 165 000.

1. Find the leftmost non-zero digit. 00.00453
2. Count the number of decimal places from
just right of this digit to the current decimal 0.000453
point.

3. If we counted left, our k will be negative; if
we counted right, our k will be positive.

4. Write down our number in standard form,
placing the decimal point where we 453 %1074
counted from before.




The real advantage to representing numbers in standard form is that we can
do calculations with them much more easily. For example, 3 X 10° times

4 X 10° can be rewritten as 3 X 4 X 10> X 10% = 12 X 10'! = 1.2 X 102,
Here we had to change 12 X 10! back into standard form by recognizing
that 12 = 1.2 X 10

Calculations with numbers in standard form are relatively straightforward
when we are doing multiplication or division, but when we do addition or
subtraction, we have to change each number so that their powers of 10 are
the same. For example, 4.5 X 10* + 3.6 X 10° becomes 4.5 X 10* + 36 X
10* = 40.5 X 10%, and then finally we convert the result back into standard
form as 4.05 X 10°.

Example2.5

The total mass of 256 identical pencils is 4.24 kg. Calculate the mass of one

pencil, in kg.

a) Give your answer exactly.

b) Give your answer correct to 3 significant figures.

¢) Write your answer to part b) in the form a X 10X where 1 < a < 10 and
keZ.

Solution

4.24,
a) 556 kg = 0.0165625 kg

b) 0.0166 kg
¢) 1.66 X 1072

1. Write the following numbers in the form a X 10€ where 1< |a| < 10 and k € Z.

a) 435000 b) 1900
c) 0.0087 d) —12005
e) 0.2 f) 323
g) —0.00456 h) —19.6
i) 19000 j) 0157

2. Write the following numbers without using exponents.
a) 2.006 X 107 b) 88 X 10~*
Q —2X%10° d) 5.06 X 10°
e) 339X 107° f) =75 % 10!
g) 9X 1072 h) —33X107°
) 43X 10° ) —54x%10°

3. Evaluate, leaving your answer in the form a X 10 where 1< |a| < 10and k € Z.
a) (4X10% X (2% 109 b) (=3 X 10% X (5 X 10°)

45 % 108

1.2 X 109 X (8.5 X 102 d) =——

Q) ( ) X ( ) ) 155108
24 X 10* 16X 1074
&) 0 ) 3508
12 X 10 32X 10

4 .53%10"°-4

4 .53r-4
[ |
A

Figure 2.3 Here we can see that
our calculators do not write X 1074,
they use E instead.

]

0 The largest number that
we have a name for is a
‘Googolplex’which is 1
followed by 10'% zeros, which
is much larger than the number
of particles in our universe. See
www.heinemann.co.uk/
hotlinks, enter the express code
4310P and click on weblink 2.5.
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10.

11.

12.

.
Why do different cultures 6
have different systems of
measurement?

.a) Ifx=

. Evaluate, leaving your answer in the form a X 10f where 1< |a| < 10and k € Z.

a) 34 X103+ 54X 10° b) 2.7 X 10* 4+ 3.04 X 10°
€ 98X 1073+ 24X 107* d) 506 X 107 =5 X 10°
e) 14X1073— 14X 1072 f) 1.7 X102 —86 X 107"
. Evaluate, leaving your answer in the form a X 10€where 1< |a| < 10 and k € Z.
3) 34 X 10%+ 54 X 10* b) 1.8 X 10° + 84 X 10°
1.1 X 103 6.6 % 103

) 103X 1074+ 1.7 X 107°
5X 102+ 7 X 102

. Alarge rectangular field has a length of 3.4 X 10*m and a width of 2.7 X 10*m.

a) Find the area of the field in m?.

b) Find the area of the field in km?2.

¢) Round your answer to part b) to the nearest hundred.

d) Calculate the percent error between your exact answer to b) and your
answer to Q).

_Zag'banda:25><105,b:5><105andc=2>< 10% find x.

b) Write your answer to part a) in the form a X 10¢where 1< |g| < 10and k € Z.

. The mean radius of the Earth is approximately 6.373 X 10° km.

4

3
answer in the form a X 10fwhere 1< |a| < 10 and k € Z.

b) Using the same formula, but a radius of 6.3 X 10> km, find the volume of the
Earth.

c) Find the percent error between your answers to a) and b), assuming a) to be
the more accurate result.

a) Using the formula V = =73, find the volume of the Earth in km3, writing your

. The population of the Earth is approximately 6.6 X 10° people. If this increases

by 2% each year, about how many people will inhabit the Earth in five years?
Give your answer in the form a X 10 where 1< |a| < 10and k € Z.

Every year, a small music company sells 2.3 X 107 CDs. They have 1.2 X 103

different musicians.

a) On average, how many CDs for each musician does the company sell?

b) If sales increase by 20% and the number of musicians drops by 30%, how
many CDs for each musician does the company sell? Round your answer to
the nearest thousand.

A typical star is composed of about 1.2 X 10°” hydrogen atoms. There are about

400 000 000 000 stars in the typical galaxy and about 8.0 X 10'° galaxies in the

universe.

a) About how many hydrogen atoms are there in the universe?

b) Given that the mass of 6.02 X 102 hydrogen atoms is 1 gram, find the
approximate mass of all of the hydrogen atoms in the universe.

The mass of the Earth is approximately 5.9742 X 10%*kg. The mass of the Sun is

approximately 1.988 92 X 10°%kg.

a) About how many times heavier is the Sun than the Earth?

b) If a typical person weighs 65 kg, how many times heavier is the Earth than
the typical person?

o) If every time a rocket is launched from the Earth 2000 kg of material is lost
from the Earth, how many launches would it take before the Earth is entirely
depleted?

d) There are approximately 40 launches per year. Use your answer to part ) to
calculate how many years such a depletion would take.



@ International units of measure

o For more information about SI
units, visit www.heinemann.
co.uk/hotlinks, enter the
express code 4310P and click
on weblinks 2.6 and 2.7.

Sl (Systéeme International) and other basic units of measurement:
for example, gram (g), metre (m), second (s), litre (I), metre per second
(m s=1), Celsius and Fahrenheit scales.

This system of measurement was developed in France around the time of
the revolution in the 1790s.The main reason why it has been implemented -

so broadly worldwide is that calculations and conversions involving metric There are three countries in the
world still officially using non-

metric systems of measure: Liberia,

Myanmar, and the United States.

units are easier (because they are in powers of 10) than those using the
older imperial units.

In the SI system, each type of unit, for example the metre or the gram,
is used as a base. To change the unit of measure, you just need to use the
system of prefixes given below.

Prefix |tera|giga | mega | kilo | hecto | deca | deci | centi| milli | micro | nano < Table 2.3 Common Sl prefixes.

Symbol T G M k h da d C m U n

Conversion

102 10° | 10° | 10® | 102 | 10" [107'| 1072|1073 | 107° | 107°
factor

To convert from one unit of measure to another, you divide the starting
unit factor by the end unit factor, and multiply this by the quantity of the
unit. For example, to convert 34 km into centimetres:
10°
1072
Note that if either of the starting units has no prefix, then you would use a
factor of 1 in your calculations.

X 34km = 3400000 cm

Remember that when converting a unit of area or volume, each unit needs
to be converted. For instance, if converting a volume in m? to cm?, you have
to remember this is really m X m X m being converted to cm X cm X cm.
In other words, a volume in m? is converted to cm?® by multiplying by

102 X 10% X 102 (or 10°). You must consider this whenever an SI unit is
raised to a power.

Example2.6

Find the volume in m? of the rectangular prism shown right.

Solution scm
The volume of a rectangular prism is V = [ X w X h. Substituting the | ~
values shown from the diagram, we arrive at V= (20 cm)(10 cm)(5cm) = 10em—
1000 cm?. Next we convert our answer from cm?® to m?. Each cm needs to
be converted into m; therefore we need to multiply by 1, and divide by 10?

20cm

O 1m?3 # 100 cm?, but if
we mistakenly used this

three times: conversion, we would calculate
3_ 11 o1 5 3 the volume to be 10 m3, out by
1000 cm 1000 X 100 X 100 X Too ™ 0.001 m”. a factor of 10 000!
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Example2.7

a) The volume of a vase is 1570 ml. Find the volume of the vase in litres.
b) The SI unit for force is the newton. Given that:
F = ma
where Fis the force on an object, m is the object’s mass in kg and a is
the acceleration of the object in m s 2, find the units of a newton in
terms of kg, m and s.
¢) The density (p)of an object is equal to the mass of the object divided by
the volume of the object. If the dimensions of a 1 kg cube of metal are
each 10 cm, find the density of the cube in kgm ™.

Solution

a) We divide 1570 ml by 1000 to convert to litres, hence 1570 ml

1000
b) Substituting the units of mass and the units of acceleration into the
formula we arrive at:
F= (kg)(ms )
F=kgms2
¢) First we convert 10 cm to 0.1 m. The volume of the cube is then
(0.1 m)?. To find the density we do the following:
__lks
P 0.001m?
p = 1000 kgm~3

= 1.5701.

1. Convert each measurement into metres.
a) 2600cm b) 16 km C) 85 um d) 250dm e) 1.2Gm

2. Convert each area intocm?
a) 2m? b) 190mm? ¢) 36km? d) 92hm? e) 56 X 10*nm?

3. Convert each volume into litres (remembering that 1000 cm?3 is 1 litre).
a) 3m? b) 250 cm? c) 345ml d) 25kl e) 6.7dl

4, Convert each mass into kilograms.
a) 200mg b) 34¢g c) 59Mg d) 393 um e) 6.25dag
5. For each prefix, determine what number you would need to multiply by in
order to convert to the deci prefix.
a) centi b) nano c) deka d) kilo e) micro

6. The area of a square piece of land is given as 1.35 km? to the nearest kmZ.
a) Whatis the area of the land in m??
b) What is the maximum error in the measurement of the land in km??
c) What is the percent error of the area of the land in km??
d) What is the percent error of the area of the land in m??
7. A 20 Mg boat has a speed of 13 m s~ Find its energy using the formula £ = 13

mv?, where m is the mass in kg and v is the speed in m s~!. Write your answer
in the form a X 10kwhere 1 < a < 10 and k € Z, using the appropriate units.




8.

&)

10.

11.

12.

The length of a building is measured as 100 m to the nearest metre.

a) Write down the maximum error in this measurement.

b) Calculate the percent error of this measurement.

¢) The building is 10023 cm long when measured to the nearest cm. What is
the percent error in this measurement?

A painter needs to buy enough paint to cover an entire house with two coats
of paint. If each bucket of paint contains 2 | of paint, each litre of paint can
cover an area of 250 m?, and the surface area of the house is 140 dam?, find the
minimum number of whole buckets of paint the painter needs to purchase.

The width of the Milky Way galaxy is about 150 million light years (a light year

is defined to be the distance light travels in one year, and the speed of light is

3X 108ms).

a) Find the distance across the Milky Way in km.

b) Using your answer to part a), calculate the amount of time a rocket travelling at
2.5 X 10°m s~ would need to cross the galaxy.

A hectare is defined to be the area covered by a square one hectometre on

each side.

a) How many square metres is one hectare?

b) How many times larger is a square kilometre than a hectare?

) Each yearin the United States about 17 000 km? of forest is burned in
wildfires. How many hectares is this?

d) Use the formula S, = 4%, where S, is the surface area and r is the radius of
the Earth (about 6378.1 km), to find the surface area of the Earth in km2

e) Use your answer to d) to calculate how many years it will take for the area of
forest burned in the USA to exceed the surface area of the Earth.

One newton is the force required to give a mass of 1 kilogram an acceleration

of 1 metre per second per second.

a) According to this definition, what are the Sl units for a newton?

b) How many newtons of force must be applied to accelerate a 10 kg mass
object by 9.8 ms=%?

c) 1000 newtons of force are applied to a 65 kg object. By how much is this
object accelerated?

@ Simultaneous equations

»7/58 Solutions of pairs of linear equations in two variables by use of a GDC.

Simultaneous equations are two or more linear equations that include two

or more different variables. We will cover solving these equations using the
GDC.

Elimination

Suppose we have the following two equations where the x and y variables

are both on the same side of each equation:

4x + 5y = 28
3x = 2y=—2

3x + 5y =16
3x —3y=—2
A

Figure 2.4 An example of a pair of
linear equations.
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We need to multiply each of the equations so that we end up with one of
the variables in each equation having the same coefficient:

3 X (4x + 5y = 28)
4X B3x—2y=-2)

We end up with:
12x + 15y = 84
12x — 8y = —8

To continue solving, we can cancel the x variable out of the equation by
subtracting one equation from the other:

12x + 15y = 84
— (12x— 8y = —8)
23y =92

Dividing both sides of the equation by the coefficient of y gives us the value
of y:

23y _92
323
y=4

We substitute this value of y in one of the original two equations to find
the value of x:

4x + 5(4) = 28
4x 4+ 20 = 28
4x =8

Hence, x = 2

The last thing we should do is confirm our solution is correct by
substituting both values for x and y into the other original equation:
3(2) —2(4)= -2
6 —8=—-2
—2=-2

Having confirmed that the right-hand side of the equation equals the left-
hand side of the equation, we can confirm that and x = 2 and y = 4.

Substitution

If our original equations are in a different form, it may be more efficient to
use the substitution method:

2x =5y =125

4y = 3x — 27
In the substitution method, the objective is to substitute an expression in
one of the variables, for the other variable. Since y is the only variable on
the left-hand side of the second equation in this example, we will begin by



isolating it by dividing both sides of the equation by the coefficient of y, in

this case 4:
4y = 3x — 27
_3 27
YT TT

We then take this expression for y, and substitute in for the y variable in the
other equation:
27

— 3 _— pr—
2x S(Zx 4) 25

First we simplify this expression and then we solve it for x:

_ 15, 135 _
2x 7 + i 25
The easiest way to solve an equation that involves fractions is to multiply

the entire equation by the common denominators of those fractions first.

_ 15, 135) _
4><(2x 4x+ 4) 25

8x — 15x + 135 =100

Now we collect like terms, and finally solve for x:
—7x = —35
x=5

We then continue as we did for the elimination method, substituting this
value in for x in the other equation, and solving for y:

4y = 3x — 27
4y = 3(5) — 27
4y =15 — 27
4y = —12
Sy=-—3

We should then, as a precaution against making an error, check that this
solution for x and y works in the other original equation:

2x —5y=125
2(5) =5(—3) =125
10 — (—15)=25

25=25 o One of the programs you
are allowed to use for your

So our solution is x = 5and y = —3. ,
exams on the Tl calculators is
Polysmlt. To download it, go to
www.heinemann.co.uk/

Using your GDC hotlinks, enter the express code
4310P and click on weblink 2.8.

There are a few ways of solving these problems using your graphics display For instructions on installation

calculator, all of which are fairly straightforward. of the program, click on

. . . weblink 2.9, and then click
The program Polysmlt is a great program for helping you solve pairs of downloads.

simultaneous equations (and we will also see for quadratic equations in the
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next section). Once you have downloaded it and installed the software, try
and run it. You should see the following screen:

Figure 2.5 The opening screen of > 0
Polysmlt.

TEXAS
INSTRUMENTS
Poly Root Finder and
Simultaneous Equ Solver
version 1.0
PRESS ANY KEY
© 2001 TEXAS INSTRUMENTS

Press any key, and you see:
Figure 2.6 The main menu of | 4

Polysmlt Poly Root Finder
We want to press 2, and we see the following:
Figure 2.7 The firstscreen of the P>

simultaneous equation solver. Number Of Eqns =l

Number Of Unknowns =

MAIN] | Iroapl

We press 2, press ENTER, press 2, and we end up with the following:
Figure 2.8 Setting up the solver. 4 [SIMULT EON SOLVER NN
Number Of Eqns = 2

Number Of Unknowns = 2l

MAIN] | lroanl

Press ENTER again and we see this screen:

Figure 2.9 Entering the | 4 SYSMATRIX (2 X 3)
i 10 ] 0 ]
coefficients. b 9 0 ]
1,1=0
MAINI NEW [CLRLOADISOLVE]

Here we enter in the coefficients of the equation on the left, and the

numbers from the right-hand side of the equation on the right. So if our
equations were:

14x + 17y = 45
13x— 12y = 14




We would enter: SYSMATRIX (2 X 3) < Figure 2.10 Entering the
[14 17 45 1 i
(13 12 i coefficients.
2,3=14
MAIN| NEW [CLR [LOADISOLVE]

Next, we press the GRAPH key, which is below SOLVE on the screen, and
the calculator almost instantly solves the equations for us, giving us the
solution of:

Solution  Figure 2.11 Solution to the
X1 equations.
x281 E

MAINIBACKISTOsys| STOxI

1. Solve forx and y.

a) 2x+5y=14 b) 10x + 7y = 234 Q) 8x+ 7y =1045
3x—2y=2 3x + 8y =141 5x + 2y =475
d) 17x + 10y = 60.1 e) 4x + 5y =275 f) x+y=23
15x + 3y = 40.8 5x + 6y = 33.5 x—y=7
2. Solve for x and y.
a) 4x +y=25 b) y=4x—3 c)y=%x+1
3x=y+10 2x + 3y =117 3x—2y=28
d) 2x —3 =2 e) 2x + 3y =17 f) 0.75x + 0.5y = 11
3x—5y=—% 4x = =2y —2 05x=y—6
3. Solve for x and y.
a) 5x — 6y =132 b) 93x — 27y =111 <) 073x + 045y = 14
4x + 2y =16 84x + 1.9y = 13.1 0.89x + 0.53y = 13
d) 401x + 603y = 5056 €) 4x — 6y = 0.07 f) —095x + 14y = 345
326x + 598y = 4987 13x + 2y = 0.65 073x +16y=54
4. Solve for x and y.
a) y=4x+2 b) y=—3x+4 Q y=3x+4
y=3x+5 y=7x+1 y=—5x+1
dy=2x-8 e) 2y="5x+3 f) 2y=2x+7
y=32x+3 3y=6x—4 3y=2x+8
5. Solve for x and y.
a) —4x —5y=38 b) y=3x+2 Q 2y=5x—7
2x +4y = -9 2y =4x — 1 y=2x+ 1
d) 3x —4y=—17 e) 250x + 160y =535 f) y=06x+3
8x = 5y 150x + 180y = 405 y=3x-2

6. Molly goes to a local store on Tuesday and buys 3 apples and 5 bananas for
£2.55.The next day she returns to the same store and, at the same prices, buys
5 apples and 4 bananas for £2.69.
a) Write a pair of linear equations to represent this problem.
b) Find the price of an apple and the price of a banana at this store.
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7. Aparticle travels along the path s = at® + bt + 5, where tis the time in seconds
and s is the distance from the particle’s starting position in metres. After 3
seconds the particle is 47 m from its starting position, and after 4 seconds the
particle is 69 m from its starting position.

a) Write two equations to represent the information given in this problem.
b) Solve these two equations to find the values of a and b.

8. Jacques can buy six CDs and three DVDs for $163.17, or he can buy nine CDs and
two DVDs for $200.53.
a) Express the above information using two equations relating the price of CDs
and the price of DVDs.
b) Find the price of one DVD.
) If Jacques has $180 to spend, find the exact amount of change he will receive
if he buys nine CDs.

9. The length of a rectangle is known to be two times longer than its width. The
perimeter of the rectangle is P = 2L + 2W, where [ and W are the length and
width of the rectangle respectively.

a) Write down two equations that represent the information given in the
problem.

b) If the perimeter of the rectangle is 60 cm, find the length and width of the
rectangle.

10. A number is equal to twice another number increased by 7. The first number is
also equal to 3 times the second number increased by 6.
a) Write a pair of equations to represent the information given in the problem.
b) Using your equations, or otherwise, find the value of the numbers.

11. At the local market, Leila buys 2 mangoes and 3 kiwi fruit for $5.10. Later that
day, at the same market, she pays $12.19 for 5 more mangoes and 7 more kiwi
fruit for her friends.

a) Write two equations to represent the information given in the problem.

b) Solve these two equations to find the price of a mango, and the price of a
kiwi fruit.

) Leila estimates that 6 mangoes and 10 kiwi fruit will cost her $16. Find the
percent error in her estimation.

12. Itis known that:

4p + 8g = 35.8

7p + 5g = 30.25

a) Findpandgq. 2 +q
b) Use your answers from a) to find the value of Pt

c) Round your answer from b) to:
(i) the nearest whole number
(i 2 significant digits.

@ Quadratic equations

viyfvX Solutions of quadratic equations: by factorizing; by use of a GDC.
A quadratic equation is any equation that can be transformed into the
form ax? + bx + ¢ = 0, where a, band care any real number, except a # 0.

In general, we will not be able to use simple algebraic manipulation to
solve these equations — we need to use some special techniques.



Solving by factorizing when a = 1

In the last chapter, we reviewed how to factorize expressions of the form

x* + bx + ¢, which is a quadratic equation with a = 1. To actually solve

an equation of the form x> + bx + ¢ = 0, we need to set each factor of the
equation equal to zero, and solve the two linear equations that result, and
these two solutions (which could end up being the same number!) are our
solutions to the equation.

Example2.8
Solve the equation x> — 8x + 12 = 0.

Solution

First we factorize the expression, as reviewed in Chapter 1, and get

(x — 4)(x — 2) = 0. Our next step is to realize that if we have two numbers
(here x — 4 and x — 2) whose product is zero, then one or both of those
numbers must be zero. Hence, either x — 4 = 0 or x — 2 = 0, and therefore
x=4orx=2.

Solving by factorizing when a = 2

Since the equations we are solving are of the form ax*> + bx + ¢ = 0,

factoring them is more difficult, when a # 1. To factorize these quadratic ZX"’ x| 22
equations, use the following method: =r

1. List all of the factors of c. 1 3|3

2. List all of the factors of a. o | sy
3. Try each combination of factors in the expression (a;x + ¢;)(ax + ¢;)

for ay, a, ¢}, and ¢,. For each combination, multiply out the binomials A
until you find out which combination is equal to the original equation.

Figure 2.12 We multiply across
the red arrows, and add across the

A useful way of organizing this ‘trial and error’ is to use a table. Suppose we blue arrow.
are trying to solve 2x> + 7x + 3 = 0. Try (2x + 3)(x + 1) as in Figure 2.12.
=
We notice that this does not give us the correct solution, so we have to try 2 | x| 2%
again (Figure 2.13). e
Our equation factorized is therefore (2x + 1)(x + 3) = 0. This leads to two p=ry
new equations, 2x + 1 = 0 and x + 3 = 0, which lead to the solutions 6x | Ix | 7x
X = —% orx= —3. A
Figure 2.13 Now our solution
. . . works!
Solving using the quadratic formula
If our equation is in the form ax* + bx + ¢ = 0, the two solutions are
= —b+ VP — dac or x = —b —VbB — dac There is a song to remember
2a 2a ) the quadratic formula, which
. . _ —b=+ \/ — 4dac you can download by going to
We write this as x = o www.heinemann.co.uk/
where = means that there are actually two possibilities. To solve any hotlinks, entering the express

quadratic equation, we simply have to identify the values of 4, b and ¢, and
substitute them into the quadratic formula given above.

weblink 2.10.

code 4310P and clicking on
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Example2.9

Solve 3x% + 10x + 3 = 0.

Solution
From the equation, we see that a = 3, b = 10 and ¢ = 3. Therefore:

—(10)=,/(10)> — 4(3)(3)

2(3)
_ —10%/100 — 36
6
_ —10+/64
6
_—10+38 _—10—38
X—T or X—T
| —_
X=-—3- or x= 3

Note that the quadratic formula also allows us to solve quadratic equations
when the equation does not factorize, and in these cases leads to irrational
solutions.

Solving using the GDC

From a previous section in this chapter, we learned about a program we
can install on our TI calculators called ‘Polysmlt. This program can also be
used to solve quadratic equations.

Example 2.10

Find the solution(s) to the equation x> — 9x + 8 = 0.

Solution
1. Start the Polysmlt application, and {:&TEXAS
press ENTER. ngiﬁﬂiﬁﬁ
Simultaneous Equ Solver

version1.0

PRESS ANY KEY
© 2001 TEXAS INSTRUMENTS

2. Press 1 to choose 'Poly Root Finder'. gmmpolym Finder g

2:Simult Egn Solver
3 : About

4 : Poly Help
5:Simult Help
6:Quit Poly Smlt

%

3. Press 2 and then press ENTER.

DedreesFFoly =2

HAIn] T Jiosp

4. Enter the coefficients of your Rl Rt

quadratic equation as a2, al and a0. 2 :g;'

MAIN[PEGR[CLRILORDTSOLYE

5. Press SOLVE (GRAPH). e Ezl+a1x+an=5

wz=8

MAIN|COEFS| ETOY




10.

. Solve for x.
a) x2+6x+8=0 b) x2—7x+10=0
Q x>+ 10x+25=0 d) x> +4x+4=0
e) xX+5x—6=0 f) x2—9%+20=0
. Solve for x.
a) 2x2—7x+3=0 b) 4x2+ 24x +35=10
Q) 3x2+16x+5=0 d) 5x2—21x+4=0
e) 6x2+28x+ 16=0 f) 8x2—38x+45=0
. Solve for x.
a) x2+8x=—16 b) x2=9x —20
Q) 5x+4=—x2 d) x2 =100
e) x2—36=0 f) x2 =9
. Solve for x.
a) 2x2+ 14x+20=0 b) 3x2+ 15x+ 18 =10
Q) 4x2+28x+24=0 d) 3x2—12x+12=0
e) 5x2+ 10x — 240 =0 f) 10x2 — 30x — 400 =0
. Solve for x.
a) 025x% +1.75x = —15 b) X +2x+1=0
c) 10x2 — 1000 =0 d) 45x2+ 15x+12=10
e) X +Ix+1=0 f) 0.01x% — 0.08x + 0.15=0
. A cannonball has an equation of motion modelled by h = —2.5t> + 25t, where t
is the time in seconds and h is the height of the ball in metres.
a) Find the times when the cannonball is on the ground.
b) What does the smallest of these two times mean?
. The equation x? 4+ ax + b = 0 has solutions x = 2 and x = 5. Find g and b.

. The amount of profit earned in a month in the XYZ widget factory can be

modelled by the equation P = 5x° — 850x, where P is the profit in dollars and x
is the number of widgets created in a month.

a) Find the ‘break-even’amounts of widgets (when the profit is $0).

b) What does the smaller of the two solutions mean?

. a) Factorize the expression x2 — 25.

b) Factorize the expression x> — 3x — 4.
) Using your answer to part b), or otherwise, solve the equation x? — 3x — 4 = 0.

The area of the shaded region below is given
by A = (x — 6)(x — 5). When the area is 12 m?,
find the value of x.

<« 5—

“«— O —>
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11. Arectangle has dimensions (5 + 2x) metres and (7 — 2x) metres.
a) Show that the area, A, of the rectangle can be written as A = 35 + 4x — 4x2.
b) The following is the table of values for the function A = 35 + 4x — 4x?.

X =3 =2 —1 0 1 2 3 4
=13 p 27 35 q r 11 S

(i) Calculate the values of p, g and r.

(i) On graph paper, using a scale of 1 cm for 1 unit on the x-axis and 1 cm
for 5 units on the y-axis, plot the points from your table and join them
up to form a smooth curve.

c) Answer the following, using your graph or otherwise.
(i) Write down the equation of the axis of symmetry of the curve.
(i) Find one value of x for a rectangle whose area is 27 m?.
(i) Using this value of x, write down the dimensions of the rectangle.
d ()
(i)

One the same graph, draw the line with equation A = 5x + 30.
Hence, or otherwise, solve the equation 4x% + x — 5 = 0.

12. All of the measurements in the «—x—>
figure shown right are in metres.

a) Write an expression for the area
of the shaded region.

b) When, according to this 20 |
expression,is the area of the
shaded region equal to zero?

c) Explain whether the solutions
you found in part b) make
sense.




