Integration

— 2
6 f(x)zm >0

x342x2 7

a Express f(x) in partial fractions. (4 marks)
b Hence find the exact value of 24% dx, writing your answer in the form a + Inb,

where a and b are rational numbers to be found. (5 marks)

32x%+4 B C
T ax+nax—D -1 a1
a Find the value of the constants 4, B and C. (4 marks)
b Hence find the exact value of f QS Sk dx writing your answer in the form
1 (4x+ 1)(dx-1)
2 + k Inm , giving the values of the rational constants k and m. (5 marks)

@ Finding areas

You need to be able to use the integration techniques from this chapter to find areas under curves.

Example @
VA
9

The diagram shows part of the curve y =

[S1N-)
|
=}

V4 +3x Y Vo
The region R is bounded by the curve, the x-axis
and the lines x = 0 and x = 4, as shown in the

R i
diagram. Use integration to find the area of R. 1 1 0 !
RememberF=—l=x 2 ,
Xoxe 0 4 X
Area = 9 d .
©V4 + 3x 2

Use the chain rule in reverse. If y = (4 + 3x)°,

4 _1
— 2 d _1
- 9fo (4 + 3x) “dx ’f d—y = %(4 +3x) °. Adjust for the constant.
5

- 6((4 +3x 4)% 4+ 3x O)%) [ Substitute the limits.

=6(/16 - /4)

=12 r

You don't need to give units when finding areas
under graphs in pure maths.

= The area bounded by two curves can be found using integration:
Areaof R = [ (f(x) - g(x))dx = ["f(x)dx - ["g(x)dx

f(x)

&) m You can only use this formula if the

two curves do not intersect between a and b.

313



Chapter 11

Example @ "
y=1(x)

The diagram shows part of the curves y = f(x) and y = g(x),

- R y=gx)
where f(x) = sin 2x and g(x) = sinxcos’x, 0 < x < 5
The region R is bounded by the two curves. Use integration to .
find the area of R. o z x

— Theregion R is bounded by two curves.

Area = [ (i(x) = g(x)) dx

Substitute the limits and functions given in the
question.

N
@ Explore the area between

- foz (sin 2x — sin X cos?x) dx

_ [ 1 3]E
= |-5c052X + 305 x|

1 1 1 1 2
=|=3(=-1N+30) - (-z+3)=35
( c N ) ( c 3) N two curves using technology.
You can use integration to find the area under a curve .
& For a parametric curve, x

defined by parametric equations. It is often easier to

. . and y are given as functions of a
integrate with respect to the parameter.

parameter, ¢. <« Chapter 8
Example @ YA
The curve C has parametric equations
1 C

= = 2 '
x=tl+1),y 1+t,t 0 R :
Find the exact area of the region R, bounded by >
C, the x-axis and the lines x = 0 and x = 2. 0 2 x

Use a change of variable to write the integral in
terms of the parameter, . Using the chain rule,

Area = fy dx = fy%dz

d
x =11+ 1), 20 d—);=1 + 2t you can replace dx with%dt.
Whenx =0, t(1 +1t) =0,s0t=0Qort= -1 L
When x = 2, 1(1 + 1) = 2 i

#?+1—-2=0
(t+2)(t =1 =0,s0t=—-2o0rt=1 m You will be integrating with respect

So Area = fojy% dt :f(i%ﬂm + 21) dt to 7 so you need to convert the limits from values
! ' of x to values of t. Use the parametric equation
= fo <2 R t) dt for x, and choose solutions that are within the
domain of the parameter, t = 0.
= [2t—In 11+ 1]} 2
=2—-h2)—O—=1In1 1+2¢

Write T+7 intheformA+1+t
=2—-In2

Dividing 27 + 1 by ¢ + 1 gives 2 with remainder -1.
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Integration

Exercise @

1 Find the area of the finite region R bounded by the curve with equation y = f(x), the x-axis and
the lines x = a and x = b.

7r . — —
l+x,a—0,b—1 bf(x)—secx,a—O,b—3 ¢ f(x)=Inx;a=1,b=2

d f(x)=secxtanx;a=0,b= e f(x)=xvd-x*a=0,b=2

a f(x)=
m
4

2 Find the exact area of the finite region bounded by the curve y = f(x), the x-axis and the lines
x =aand x = b where:

4x -1 X
a f(x)—(x+2)(2x+1),a—0,b—2 b f(x)—(x+1)2,a—0,b—2
c f(x):xsinx;a:O,b:g d f(x):cosx\/ZSinx+l;a:O,b:%

e f(x)=xe;a=0,b=1In2

@ 3 The diagram shows a sketch of the curve with equation, y = f(x),
4x + 3 1

(x+2)2x-1y*72

Find the area of the shaded region bounded by the curve,

the x-axis and the lines x = 1 and x = 2. (7 marks)

where f(x) =

y
@ 4 The diagram shows a sketch of the curve with equation y = f(x), f

where f(x) = %5 + %, x> 0.

Find the area of the shaded region bounded by the curve, the

Q

)

_';__-_-_-_-_-_-_-_
=y

x-axis and the lines x =2 and x = 4. (7 marks)
@ 5 The diagram shows a sketch of the curve with equation
y = g(x), where g(x) = xsin x. A y=gx)
a Write down the coordinates of points
A, Band C.
b Find the area of the shaded region. 0 A B G >

m Find the area of each region

separately and then add the answers. Remember
areas cannot be negative, so take the absolute
value of any negative area.
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Chapter 11

6 The diagram shows a sketch of the curve with equation y = x*In x.
The shaded region is bounded by the curve, the x-axis and
the line x = 2.

a Use integration by parts to find fxz In x dx. (3 marks)
b Hence find the exact area of the shaded region, giving your

answer in the form %(a In2 + b), where @ and b
are integers. (5 marks)

YA

o

7 The diagram shows a sketch of the curve with equation y = 3cos xvsinx + 1.

a Find the coordinates of the points 4, B, C and D. (3 marks)

b Use a suitable substitution to find

f 3cosxvsinx + 1 dx (5 marks)

VA
D =3cosxVsinx + 1

/o

¢ Show that the regions R, and R, have the same area,
and find the exact value of this area in the form
Va , where a is a positive integer to be found. (3 marks)

(P) 8 f(x)=x?and g(x) =3x - ¥

A [9) C X
Ry

a On the same axes, sketch the graphs of y = f(x) and y = g(x), and find the coordinates of any

points of intersection of the two curves.

b Find the area of the finite region bounded by the two curves.

9 The diagram shows a sketch of part of the curves with equations y = 2cosx + 2 and y = —2cos x + 4.

a Find the coordinates of the points ¥
A, Band C. (2 marks)

b Find the area of region R, in the form ><
1

al3 + b%r, where a, b and ¢ are integers
to be found. (4 marks)

y= —2cosx +4

y=2cosx+2

¢ Show that the ratio of R,: R, can be 0
expressed as (3V3 + 27) : (3V3 — 7). (5 marks)

X

@ 10 The diagrams show the curves y =sinf, 0 < <27 and y =sin26, 0 < 0 < 27.

By choosing suitable limits, show that the total shaded area in the first diagram is equal to the
total shaded area in the second diagram, and state the exact value of this shaded area.

VA VA
1 y=sinf 14

y=sin20
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@ 11 The diagram shows parts of the graphs of y = sinx and y = cos x.

a Find the coordinates of point A.

b Find the areas of:
i R, ii R, iii R

¢ Show that the ratio of areas R, : R, can be
written as v2 : 2.

Integration

(P) 12 The curve C has parametric equations x = £, y = 12, t = 0. Show that the exact area of the
region bounded by the curve, the x-axis and the lines x =0 and x =4 is k V2, where kis a

rational constant to be found.

(E/P) 13 The curve C has parametric equations

. . T
x=smt,y=sm2t,0st$5

The finite region R is bounded by the curve and the x-axis.
Find the exact area of R. (6 marks)

(E/P) 14 This graph shows part of the curve C with
parametric equations x = (¢ + 1)%, y = %t3 +3,t=-1

P is the point on the curve where 1 = 2.
The line S is the normal to C at P.

a Find an equation of S. (5 marks)
The shaded region R is bounded by C, S, the x-axis
and the line with equation x = 1.

b Using integration, find the area of R. (5 marks)

Challenge

The diagram shows the curves y =sin2xand y =cosx, 0 < x <
VA
14 -y =sin2x
1y =Cosx
0 T x
4

Find the exact value of the total shaded area on the diagram.

w
4

Ny

=Y

=Y
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