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Overarching themes

. Overarching themes

The following three overarching themes have been fully integrated throughout the Pearson Edexcel
AS and A level Mathematics series, so they can be applied alongside your learning and practice.

1. Mathematical argument, language and proof

Rigorous and consistent approach throughout

Notation boxes explain key mathematical language and symbols

Dedicated sections on mathematical proof explain key principles and strategies

Opportunities to critique arguments and justify methods

2. Mathematical problem solving The Mathematical Problem-solving cycle
* Hundreds of problem-solving questions, fully integrated specify the problem
into the main exercises
* Problem-solving boxes provide tips and strategies interpret results _ _
) ) collect information
» Structured and unstructured questions to build confidence
» Challenge boxes provide extra stretch process and : l
represent information

3. Mathematical modelling
* Dedicated modelling sections in relevant topics provide plenty of practice where you need it

» Examples and exercises include qualitative questions that allow you to interpret answers in the
context of the model

 Dedicated chapter in Statistics & Mechanics Year 1/AS explains the principles of modelling in
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Overarching themes
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Extra online content

. Extra online content

Whenever you see an Online box, it means that there is extra online content available to support you.

SolutionBank

SolutionBank provides a full worked solution for
every question in the book.

@ Full worked solutions are #
available in SolutionBank.

Download all the solutions as a PDF or
quickly find the solution you need online

Use of technology

Explore topics in more detail, visualise m Find the point of intersection O

problems and consolidate your understanding graphically using technology.

using pre-made GeoGebra activities.

GegGebra

GeoGebra-powered interactives

Interact with the maths you are learning __—
using GeoGebra's easy-to-use tools

Ar4 Hy=23

A=2
...___.B_:___
Simultaneous equalions
p=af-3x+4+1
2+ 1y=3

Sohtions: (2,-1}) +1.5)

B, 85
X

Vi

Access all the extra online content for free at:

www.pearsonschools.co.uk/cplmaths

You can also access the extra online content by scanning this QR code:




Complex numbers

After completing this chapter you should be able to:

® Understand and use the definitions of imaginary and complex

numbers -» page 2
Add and subtract complex numbers -» pages 2-3
Multiply complex numbers - pages 5-6

Understand the definition of a complex conjugate - pages 6-8
Divide complex numbers -» pages 7-8
Solve quadratic equations that have complex roots - pages 8-10

Solve cubic or quartic equations that have complex roots
—» pages 10-14

C TS
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Prior knowledge check

1 Simplify each of the following:

a /50 b /108 ¢ V180
< Pure Year 1, Chapter 1

In each case, determine the number of
distinct real roots of the equation f(x) = 0.
a f(x) =3x2+8x+10
b f(x)=2x2-9x+7
¢ f(x)=4x2+12x+9

€ Pure Year 1, Chapter 2

Find the solutions of x2 — 8x + 6 =0,
giving your answers in the form a + Vb
where a and b are integers.

« Pure Year 1, Chapter 2

Complex numbers contain a real and an
imaginary part. Engineers and physicists
often describe quantities with two

components using a single complex : | Write 7 in the form p + ¢/3

—

number. This allows them to model L=y

where p and ¢ are rational numbers.

complicated situations such as air flow
« Pure Year 1, Chapter 1

over a cyclist.




Chapter 1

m Imaginary and complex numbers

The q.uadra'tlc equation ax? + bx + ¢ =0 has m For the equation ax2 + bx + ¢ =0, the
solutions given by discriminant is 52 — 4ac.
—-b +Vh? - hac o If b2 — 4ac > 0, there are two distinct real roots.
c 2 o If b2 — 4ac = 0, there are two equal real roots.

; . ; 2_
If the expression under the square root is negative, ~ * If 6% —4ac <0, there are no real roots. _
there are no real solutions. i hwsieariaaction &

You can find solutions to the equation in all cases by extending the number system to include V1.
Since there is no real number that squares to produce —1, the number V-1 is called an imaginary
number, and is represented using the letter i. Sums of real and imaginary numbers, for example

3 + 2i, are known as complex numbers.

mi=y/-1 m The set of all complex numbers is

= An imaginary number is a number of the written as C.
form bi . where b € R. For the complex number z = a + bi:
» Re(z) = ais the real part

= A complex number is written in the « Im(2) = b is the imaginary part

form a + bi, where a, b € R.

Example o

Write each of the following in terms of 1. :
You can use the rules of surds to manipulate

a V=36 b V-28 imaginary numbers.
a V=36 =36 x (-1) =V36V/-1 =&
m An alternative way of writing (2V7)i
b v-28 = /28 x (-1) =vV28 V-1 is 2iv7. Avoid writing 2y/7i as this can easily be

= V47 V=1 = (2V7)i confused with 2V7i.

In a complex number, the real part and the imaginary part cannot be combined to form a single term.

= Complex numbers can be added or subtracted by adding or subtracting their real parts and
adding or subtracting their imaginary parts.

= You can multiply a real number by a complex number by multiplying out the brackets in the
usual way.

Simplify each of the following, giving your answers in the form a + bi, where a, b € R.

a (2+5i) + (7 + 3i) b (2 = 5i)—{5— LH) ¢ 2(5 - 8i) d%
a (2+5)+(7+3)=(2+7)+(5+3)i ———— Add the real parts and add the imaginary parts.
=92+ 8i
b (2 -5)—(5=-11)=(2=5)+ (-5 =(=11))i=—__ Subtract the real parts and subtract the
=-3 + Gj imaginary parts.



Complex numbers

d

c 256-8)=(2x5)-(2 x 8)i=10-16i

10+6i _10 &,

> 2+§1=5+3|

Exercise @

Do not use your calculator in this exercise.

1 Write each of the following in the form b1 where b is a real number.

2(5 — 8i) can also be written as (5 — 8i) + (5 — 8i).

— First separate into real and imaginary parts.

a V-9 b V-49 ¢ vV-121 d v=10000 e V=225
£ o5 g V=12 h V=45 i V=200 j V-147

Simplify, giving your answers in the form a + b1, where a, b € R.

a (5+2i)+ (8 +9i)

¢ (7 +6i) + (=3 — 5i)

e (20 + 12i) — (11 + 3i)

g (—4 - 6i)— (-8 - 8i)

i (=2=7i)+(1+30) - (=12 +1)

b (4+10i) + (1 - &)

d (3+3) + (5+3)

f Q-i)-(-5+3i)

h 3V2 +i) - (V2 -1)

i (18+50) - (I5-20~-3 +7)

3 Simplify, giving your answers in the form « + bi, where a, b € R.
a 2(7 +2i) b 3(8 —4i)
¢ 23+1)+3(2+1) d 54 +31)-4(-1+21)
e 6 —4i ¢ 15 + 25i
2 5
9+ 11i -8+31 7-2i
&3 S
® 4 Write in the form a + b1, where « and b are simplified surds.
L 4-2i p 2-6i
V2 1+y3

Given that z=7 — 61 and w =7 + 61, find,
in the form « + hi, where a, b € R:

w Complex numbers are often

represented by the letter z or the letter w.

az—w b w+:z
® 6 Giventhatz; =a+91,z;,=-3+ btand z, — z; =7 + 21, find « and b where a, b € R. (2 marks)
® 7 Given that z, =4 +1and z, = 7 - 31, find, in the form @ + b1, where a, b € R:

az;—2; b 4z, ¢ 2z, + 5z,

Giventhatz=a + biand w=a - b1, a, b € R, show that:

a z + wis always real

b z - wis always imaginary

You can use complex numbers to find solutions to any quadratic equation with real coefficients.

n If b2 — 4ac < 0 then the quadratic equation ax? + hx + ¢ = 0 has two distinct complex roots,
neither of which are real.



Chapter 1

Solve the equation z> + 9 = 0.

z2 = =9
V=9 = /9 x =1 = /9 V=1 = £3i
3, 2= =3i

Solve the equation z> + 6z + 25 = 0.

Note that just as z2 = 9 has two roots +3 and -3,
z2 = -9 also has two roots +3i and -3i.

&

I
+ W

“

Method 1 (Completing the square)

Z+6z=(z+3)0 -9 Because (z+3)2=(z+3)(c+3) =22+ 62+9
2+ Cz+25=(z+3)0F-9+25=(z+3)¢2+16

(z+3)2+16=0

(z+3)2=-16 r V=16 = /16 x (-1) = V16 V-1 = 4i
z+ 3 =%/-16 = £4i
Fe=dd 4_' _ You can use your calculator to find the complex
z=-3+4, z=-3-4 roots of a quadratic equation like this one.
Method 2 (Quadratic formula)
-6 +/62 -4 x1x 25 e
Z= > US[ng = M
a
_ -G+ /—E&
N 2
2= C20_ 5.4 L 7% = Jehx ) =B 1=
z==3 4+ 4i, z==-3 -4

Exercise @

Do not use your calculator in this exercise.

1 Solve each of the following equations. Write your answers in the form +hi.

a z>+121=0 b z2+40=0 c2:z2+120=0
d 322+ 150=38-z2 e z2+30=-322-66 f 6z2+1=2z2
2 Solve each of the following equations.
Write your answers in the form « * bi. @ The left-hand side of each equation is
a lo— B Q=16 in completed square form already. Use inverse

operations to find the values of =.
b 2z-72+30=6 :

c l6z+1)2+11=2



Complex numbers

3 Solve each of the following equations. Write your answers in the form « * bi.
az2+2z2+5=0 b 22-22+10=0 cz22+4z+29=0
d 22+ 102+26=0 e Z2+52+25=0 22+3245=0

4 Solve each of the following equations. Write your answers in the form a * bi.
a 2z2+5z+4=0 b 722-3z+3=0 c522-z+3=0

5 The solutions to the quadratic equation z?> — 8z + 21 = 0 are z; and z,.
Find z, and z,, giving each in the form a + iVh.

6 The equation z2 + bz + 11 = 0, where b € R, has distinct non-real complex roots.
Find the range of possible values of b. (3 marks)

@ Multiplying complex numbers

You can multiply complex numbers using the same technique that you use for multiplying brackets in
algebra. You can use the fact that i = V—1 to simplify powers of i.

n i2=—1

Express each of the following in the form « + hi, where a and b are real numbers.
a (2+31)4+51) b (7 - 4i)*
a (2 3004 & 50 =204 + 50+ 3t e 5) Multiply the two brackets as you would with real
=8 + 10i + 12i + 151 bl

=l o 8 Rp= 1o L Use the fact that i = —1.

=(E-15)+ (10 + 12i) -—L
=-7+22 Add real parts and add imaginary parts.

b (7 — 402 = (7 — 47 — 4)
= 7(7 = 4i) - 4(7 - 4)
=49 - 28i - 26i + 16i2
e it 0 i L Use the fact that i2 = —1.

= (49 - 16) + (-28i — 28i)
= 33 - 56i L
Example e

Simplify:  a i’ b i* c (2i)

Multiply out the two brackets as you would with
real numbers.

Add real parts and add imaginary parts.

a Pzixixizizx = Baol
b it=ixixixi=iZxiZ=(-1)x(-1)=1
c (BIP=2Tx2ix2lx2ix2 RiP=2x°
! First work out 25 = 32.

=32(i ¥ i xixixi)=32(Fx 2x1)
= 32 (=) % (=) %1 =32



Chapter 1

Exercise @

Do not use your calculator in this exercise.

1

Simplify each of the following, giving your answers in the form a + bi.

a 5+1)3+4) b (6 + 3i)(7 + 21) ¢ (5-21)(1+51)

d (13 -31)(2-81) e (=3-1)4+7) f (8 + 5i)?

g (2-9) h (1+D)E2+1)3+1) m For part h, begin by multiplying the
i G-2)05+1)4-2) i (2+30) first pair of brackets.

a Simplify (4 + 51)(4 — 51), giving your answer in the form a + b1

b Simplify (7 — 2i)(7 + 2i), giving your answer in the form « + bi.

¢ Comment on your answers to parts a and b.

d Prove that (a + bi)(a — bi) is a real number for any real numbers « and b.

3 Given that (a + 31)(1 + bi) = 25 — 391, find two possible pairs of values for @ and b.

Write each of the following in its simplest form.

a i b (31)* c P+1 d (4i)° —4¢°

Express (1 +1)® in the form a + bi, where a and b are integers to be found.

Find the value of the real part of (3 — 2i)*. Problem-solving

f(z)=2z2-z+8 You can use the binomial theorem to
Find: a f(2i) b f(3 - 6i) expand (a + b)". « Pure Year 1, Section 8.3
f(z)=2z2-2z+17

Show that z = 1 — 41 is a solution to f(z) = 0. (2 marks)

a Given thati' =1and i’ = -1, write i* and i* in their simplest forms.
b Write 1%, 1%, i7 and i® in their simplest forms.
¢ Write down the value of:

i 100 i 2% i %01

Chall
m The principal square root of

a Expand (a + hi)% a complex number, vz, has a positive real
b Hence, or otherwise, find V40 — 42i, giving your answer in part.

the form a — bi, where a and b are positive integers.

m Complex conjugation

For any complex number 7 = a + bi, the m Together z and z* are called
complex conjugate of the number is ominte conjugatedpair )

defined as 7* = a - bi.

Given that z =2 - 71,

a

6

write down z* b find the value of z + z* ¢ find the value of zz*
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Complex numbers

Given that z = a + bi, show that :;* = (Z; ; i;) + (afibbz)i (4 marks)
) 3+ qi

The complex number z is defined by z = g— 50 where ¢ € R.

Given that the real part of = is l%

a find the possible values of ¢ (4 marks)

b write the possible values of z in the form « + b1, where a and b are real constants. (1 mark)

Given that z = x + iy, find the value of x and the value of y such that z + 4iz" = -3 + 18i
where z* is the complex conjugate of :z. (5 marks)
z=9+6L,w=2-31
Express ﬁ in the form a + b1, where ¢ and b are real constants.
g+ 3i

4+ qi
Express z in the form a + b1 where a and b are rational and are given in terms of ¢. (4 marks)

The complex number z is given by = = where ¢ is an integer.

Given that 6 — 21 1s one of the roots of a quadratic equation with real coefficients,
a write down the other root of the equation (1 mark)
b find the quadratic equation, giving your answer in the form 2> + bz + ¢ =0

where b and c are real constants. (2 marks)

Given that z =4 — ki is a root of the equation z> — 2mz + 52 = 0, where k and m

are positive real constants, find the value of & and the value of m. (4 marks)
h(z)=z3-11z+20

Given that 2 + 1 1s a root of the equation h(z) = 0, solve h(z) = 0 completely. (4 marks)
fz)=2z3+6z+20

Given that f(1 + 31) = 0, solve f(z) = 0 completely. (4 marks)

fz)=z3+3z2+kz+48, keER

Given that f(41) = 0,

a find the value of & (2 marks)
b find the other two roots of the equation. (3 marks)
f(z) =z4—-2z3-16z2-74z-60

a Write f(z) in the form (z? — 5z — 6)(z* + bz + ¢), where b and c¢ are real constants

to be found. (2 marks)
b Hence find all the solutions to f(z) = 0. (3 marks)
g(z)=z%— 623+ 1922 - 362+ 78
Given that g(3 — 21) = 0, find all the roots of g(z) = 0. (4 marks)

f(z)=z%=-223 =522+ pz+ 24

Given that f(4) = 0,

a find the value of p (1 mark)
b solve completely the equation f(z) = 0. (5 marks)

15
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