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Overarching themes

. Overarching themes

The following three overarching themes have been fully integrated throughout the Pearson Edexcel
AS and A level Mathematics series, so they can be applied alongside your learning and practice.

1. Mathematical argument, language and proof

Rigorous and consistent approach throughout

Notation boxes explain key mathematical language and symbols

Dedicated sections on mathematical proof explain key principles and strategies

Opportunities to critique arguments and justify methods

2. Mathematical problem solving The Mathematical Problem-solving cycle
« Hundreds of problem-solving questions, fully integrated specify the problem
into the main exercises
* Problem-solving boxes provide tips and strategies interpret results _ _
] collect information
» Structured and unstructured questions to build confidence
» Challenge boxes provide extra stretch process and : l
represent information

3. Mathematical modelling
* Dedicated modelling sections in relevant topics provide plenty of practice where you need it

» Examples and exercises include qualitative questions that allow you to interpret answers in the
context of the model

« Dedicated chapter in Statistics & Mechanics Year 1/AS explains the principles of modelling in

mechanics
Finding your way around the book Access an online
digital edition using
the code at the
_ front of the book. s
Modelling with
8 differential equations
Each chapter starts with RS .
a list of objectives o

e e The real world applications
of the maths you are about
—— tolearn are highlighted at
the start of the chapter with
links to relevant questions in
the chapter

T T

The Prior knowledge check
helps make sure you are
ready to start the chapter



Exercise questions
are carefully graded
so they increase

in difficulty and
gradually bring you

up to exam standard Y o e s e
/ l“ RS

R v et e e e g s
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Exercises are
packed with exam-
style questions

to ensure you

are ready for the
exams

Challenge boxes
give you a chance
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more difficult e
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Exam-style questions
are flagged with (€)

Each section begins

Each chapter

Step-by-step

Overarching themes

Problem-solving boxes

Problem-solving with explanation ends with a worked examples  provide hints, tips and
questions are flagged  and key learning Mixed exercise ~ focus onthe key  strategies, and Watch
with @ points and a Summary types of questions out boxes highlight

of key points you'll need to areas where students

often lose marks in their
exams

tackle

Every few chapters a Review exercise
helps you consolidate your learning

with lots of exam-style questions Exam-sbftg practice
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2 Rc-wcw exercise
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Two A level practice papers at
the back of the book help you
prepare for the real thing.



Extra online content

. Extra online content

Whenever you see an Online box, it means that there is extra online content available to support you.

SolutionBank

SolutionBank provides a full worked solution for

every question in the book.

@ Full worked solutions are #

available in SolutionBank.

Download all the solutions as a PDF or

quickly find the solution you need online

Use of technology

Explore topics in more detail, visualise
problems and consolidate your understanding
using pre-made GeoGebra activities.

GeaGebra

GeoGebra-powered interactives

Interact with the maths you are learning __—

using GeoGebra's easy-to-use tools

m Find the point of intersection O

graphically using technology.

Vi

Access all the extra online content for free at:

www.pearsonschools.co.uk/cp2maths

You can also access the extra online content by scanning this QR code:




Complex numbers

After completing this chapter you should be able to:

® Express a complex number in exponential form -> pages 2-5
e Multiply and divide complex numbers in exponential form -» pages 5-8
® Understand de Moivre’s theorem -» pages 8-11
® Use de Moivre’s theorem to derive trigonometric identities - pages 11-15
® Use de Moivre's theorem to find sums of series - pages 16-19
® Know how to solve completely equations of the form z —a — ih =0,
giving special attention to cases wherea=1and h=0 - pages 20-25

® Use complex roots of unity to solve geometric problems -» pages 25-27

X X

= " 1 Prior knowledge check

1 z=4+4iV3andw= 2((05E it isini).
; 6 6
Find:

a |z| b arg(z) ¢ |zw| d arg(zw)

e fi

2 f@)=z+422+922+42+8

f arg(%) « Book 1, Chapter 2

L 2
/ Given that z =i is a root of f(z) = 0, show
‘ all the roots of f(z) = 0 on an Argand
diagram. ¢ Book 1, Chapters 1, 2

3 Use the binomial expansion to find the
n“ term in the expansion of (2 + n)°.
< Pure Year 1, Chapter 8

4 The relationships between complex numbers %
' and trigonometric functions allow electrical g%
~_ engineers to analyse oscillations of voltage -

< and current in electrical circuits more easily.
e EnmnTy R = 5™




Chapter 1

m Exponential form of complex numbers

You can use the modulus—argument form of a m ROl LS At Ament corm o

complex number to express it in the exponential 3 complex numberis z=ricas 8+ isin o),

L)
Tormr. s=es where r=|z] and @ = arg z.
; : 3 : ; <« Book 1, Section 2.3
You can write cos # and sin @ as infinite series of powers

of &
62 6]4 86 (_1)1‘ 921'
cosfl=1—-—+—-—+... + + 1
2 41 6l (2r)! ()
93 95 BT (_1)!' 921‘+1
sinf=0-—+—-—+ . +————+ 2
3151 7l @r + 1)! @
You can also write e¥, x € R, as a series expansion in m Th st the Ma ol series
powers of x. expansions of sin 6, cos @ and e~
=) 3 4 -5 - = Chapter 2
e-\':1+x+'§—!+‘;—!+z—!+;—!+...+%+... :

You can use this expansion to define the exponential
function for complex powers, by replacing x with a
complex number. In particular, if you replace x with
the imaginary number if, you get
B RS poh  fond o
032 Gy () 0P  G0)°

el=1+if+ 5+ 3+t g g

B . iZHZ i393 i!u())fu 1595 i6|96
Bl T TR - e

@2 @2 9% @@ @8
=1+|9—E—ﬁ+a+§—a+...
L0 )00

= 1—E+H—a —§+§—...

By comparing this series expansion with (1) and (2), you can write e' as

This formula is known as Euler’s relation.
It is important for you to remember this result.

e’ = cos#+isinf

, . b _ -
= You can use Euler’s relation, e’ = cos € + isin 6, @ Substituting 6 = into Euler's

to write a complex number z in exponential relation yields Euler’s identity:
form: s 1=0
= pall
z=re! This equation links the five fundamental
where r=|z] and 6 = argz. constants 0, 1, m, e and i, and is considered

an example of mathematical beauty.



Complex numbers

Express the following in the form re?, where -7 < 0 < 7.

m ol e m T o, T
a 4—\/§(c0510+1sm 10) b _—5(c058—15m8)
o W on e W o .
a zZi= »-2(c051o + isin 10) Compare with r(cos @ + isin ).
T =1
Sor=y2 and@-io
Therefore, z = \/Zs’;o z=relf
b 2= 5(cos 5 - isin )
z=5(cosg 8 Problem-solving
. 5(505 (_%) e (_%)) Use cos (—6) = cos § and sin (—6) = —sin 6.
So r= 5 and f= —g- Compare with r(cos @ + isin ).
Therefore, z = 56-% z=rel,

Express z = 2 — 3i in the form re'’, where -7 < 0 < 7.

1 Sketch the Argand diagram, showing the position
5 of the complex number.
O\~ |_ Re
T 53
E Here z is in the fourth quadrant so the required
tis —a.
Y o argument is —«
r=|z]=v22 + (32 =13
— Find » and 6.
0 = argz = —arctan [%) =-0.983 (3 5.1)
Therefore, z = /13 -0283] z = rel,




Chapter 1

3mi

Express z = v2e¢ 4 in the form x + iy, where x, y € R.

3mi
z2=vV2e4,50r=v2 and 0 = %;"1 Compare with re'.
o= \/"(co5~k + isin %"’5) Write z in modulus—argument form.
=275+ 73)
e
Therefore, z = =1 + i Simplify.

23m
Express z =2e 5 in the form r(cos @ + isin #), where -7 < 0 < 7.

23mi
z=2e 5 ,so0r =2 and f = 22”
23

R N AR
£ —2n=-%g, = 2m =2 Problem-solving

cos @ = cos (0 + 2) and sin @ = sin (0 + 2m).

Compare with re'.

25 is in the range —m < 8 < P
5 Subtract multiples of 27 from —— until you find a

5
Soz= (Cosi— 3 15111%?1 L value in the range —7 < 0 = 7.

5

Write z in the form r(cos @ + isin 6).

Use ¢ = cos 0 + isin 0 to show that cos 0 = 3( + e ™).

e’ = cos +isinf ™

e = e = cos (—0) + isin(—0)
S0 € = cos@ — 15in6 (2) Use cos (—=f) = cos # and sin (=) = —sin 0.

e+ e =2cosf
e L Add (1) and @)
= ~—-2~£ =cosf

L Divide both sides by 2.

Hence, cos @ = %(e”’ + ™), as required.



Complex numbers

1 Express the following in the form re, where -7 < § < 7. Use exact values of r and 0 where
possible, or values to 3 significant figures otherwise.

a -3 b 61 c -2/3-2i
d -8+i e 2-51 f -2/3 +2i/3
g v@(cos%+isin%) h S(COS%—isin%) i 2(cosg—isin%)

2 Express the following in the form x + iy where x, y € R.

T - mi
a el b 4e™ ¢ 3/2¢t
i i Smi
d 8eo e 3e 2 f e
. _ i 4ni
g g™ h 3v2e 4 i 8e 3

3 Express the following in the form r(cos @ + isin f), where -7 < < 7.

1671 177 _E
aeld b 4e > c S5e 8

(P) 4 Usee"=cosf +isin to show that sinezé(ej”—e“i“),

@ Multiplying and dividing complex numbers

You can apply the modulus—argument rules for multiplying and dividing complex numbers to
numbers written in exponential form.

Recall that, for any two complex numbers z; and z,,

* |Z1Za] = 21|72

* alrg(z,zp) =arg(zy +arg(zy .
. 1 ,2 1 ‘ These results can be proved by
e 1 IT__]1 considering the numbers z, and z, in the form
2l |zl r(cos  + isin @) and using the addition formulae

Z1 for cos and sin. « Book 1, Section 2.3
¢ arg (3) =arg(zy) —arg(zy

Applying these results to numbers in exponential form gives the following result:

® If 7, = r,ei%and z, = r,ei%, then:
m You cannot automatically assume
* 17 =yt fl the laws of indices work the same way with
BB complex numbers as with real numbers. This
A ,,.—ze 1 result only shows that they can be applied in

these specific cases.



Chapter 1

a Express 2¢" x /3¢’ in the form x + 1.
b z=2+2i, Im(zw) = 0 and |zw| = 3|z
Use geometrical reasoning to find the two possibilities for w, giving your answers in exponential

form.
a 2e¢t xy3e’ =(2 x y3)eltd 2125 = Fir;e 0
i
=2/3¢ Simplify.
= 2\/5(co5E + isinz)
- 2 Convert the complex number to modulus—
= 2V3(0 + ) argument form.
= 2i/3
b |zw| = 38)z| = |w]| =3 lzw| = |z||w] = 3]z|.
argz = arctan (g) ==
= 2]~ 4
Im(zw) = O so arg(zw) =0 or 3
. . s w
For o wz lies on the real axis, so z is rotated —
So argw =— or —— 4

“ 4 clockwise orf anticlockwise when multiplied by w.

[rm 4
JIS 242
Br OF
Zw, 7l iy zw,
o Re
w, = 3e™ and w, = 3e?
Example o
T woe. T
2(cos— - 1sm—)
12 12/ . .
Express in the form re'.
x/f(czos.s—?r + isins—ﬂ)
6 6
2(c05—?r~+i5in—7r—) o .
12 s 2" Convert the numerator and denominator to
»@(cosﬁ & ism—SE) Vo exponential form.
G G
2 &2 4k i(0,-0,)
== —— g\ o — Gyl = i B
\/ge e
=V2e 4
L Simplify.



Complex numbers

1 Express the following in the form x + 1y, where x, y € R.

a e oxe' b V5el? x 3e3 ¢ V2eT xe F x3et
2 Express the following in the form x + iy where x, y € R.
a 26‘-}“ b : el.‘:i \/26 g X \’JEGT
23 4e” 7 287
3 Express the following in the form re”.
a (cos20 + isin28)(cos30 + isin 36) b {cos3% +isin3T ) cos 3T +isin &%
m . o AT m . . T
) 3((:054 + lSll’14) X 2(005 o +isin 12)
6! dain [ i iais Bl arall o 58T
d v (cos( 12)+1sm( 12))x»3(0053+151n3)
4 Express the following in the form re".
" \/f(cosE +isin E) 3(cosI +isin E)
o SO8 56 + 1sin 56 b 2 2 . 3 3
11 1 ™ .. T 7 .
cos 260 + isin 20 E(COSZ L Z) 4(cos S‘T’T o 5%)
5 zand w are two complex numbers where z = -9 + 3iV3, |w| =3 and arg w = %

Express the following in the form re”, where -7 < 6 < 7.

a:z b w ¢ Zw d -

® 6 Use the exponential form for a complex number to show that

(cos 90 + 1sin 99)(cos 40 + isin 46)

cos 70 + isin 76 = cos 6 + 1sin 60

2

7 z=1+1iV3, Re(ﬁ) =0and

Use geometrical reasoning to find the two possibilities for w, giving your answers in exponential

2

i

form. (4 marks)
8 a Evaluate (1 +1)°, giving your answer in exponential form. (2 marks)
b Use mathematical induction to prove that (1 + 1" = 2e* for n eZ*. (4 marks)
¢ Hence find (1 + 1), (1 mark)

® 9 Use Euler’s relation for e and e to verify that cos?# + sin’# = 1.



Chapter 1

6 a Show that

cos ) = l—létcos 56 + 5cos 30 + 10cos 0) (5 marks)

[

; ; ; ™ ; ; .
The diagram shows the curve with equation y = cos’ x, ) =< x = —. The finite region R is

bounded by the curve and the x-axis.

o5

VA
|

=Y

0
b Calculate the exact area of R. (6 marks)
7 a Show that
sinf = —%(cos 60 — 6cos460 + 15cos 260 — 10) (5 marks)
b Using the substitution o = (% - 0), or otherwise, find a similar identity for cos®d. (3 marks)
¢ Given that I ) cos®d + sin® @ do :%r , find the exact value of «. (5 marks)

8 Use de Moivre’s theorem to show that
sin 60 = sin 20(16 cos*f — 16 cos?d + 3) (5 marks)

9 a Use de Moivre’s theorem to show that
cos 50 = 16¢cos°# — 20cos’ 6 + Scos (5 marks)

b Hence find all solutions to the equation
16x° =20x*+5x+1=0

giving your answers to 3 decimal places where necessary. (5 marks)
10 a Show that
sin’f = :—ﬁ{sin 56 — 5sin 36 + 10sin #) (5 marks)
b Hence solve the equation
sin 5 —5sin30 +9sinf=0for0=0<m (4 marks)
11 a Use de Moivre’s theorem to show that cos 50 = cos (16 cos* @ — 20cos2 6 + 3) (5 marks)
/5
b By solving the equation cos 50 = 0, deduce that cos? (%) = 2 +8\ > (4 marks)
¢ Hence, or otherwise, write down the exact values of cos? (%) cos? (%) and
cos? (%) (3 marks)

28



Complex numbers

12 a Use de Moivre’s theorem to find an expression for tan 3¢ in terms of tan 6. (4 marks)

Bl
b Deduce that cot 36 = Ll > i (2 marks)
3cot?0 -1

13 The infinite series C and S are defined as
C=1+kcost+ k*cos20 + k3cos 360 + ...
S=ksinf+ k*sin 20 + k3sin 30 + ...
where k is a real number and |k| < 1.
| —kcosd

_ | + k= 2kcos
expression for §. (8 marks)

By considering C + 15, show that C = and write down the corresponding

@ 14 a Express 4 — 4i in the form r(cos # + isin #), where r > 0, -7 < # < 7, where r and 0 are

exact values. (2 marks)
b Hence, or otherwise, solve the equation z° = 4 — 41, leaving your answers in the form z = Rel*™.
where R 1s the modulus of z and & is a rational number such that -1 < k < 1. (4 marks)
¢ Show on an Argand diagram the points representing the roots. (2 marks)
15 a Find the cube roots of 2 — 2i in the form re” where r > 0 and -7 < 0 < 7. (5 marks)

These cube roots are represented by points 4, B and C in the Argand diagram, with A4 in the
fourth quadrant and A BC going anticlockwise. The midpoint of 4B is M, and M represents the
complex number w.

b Draw an Argand diagram, showing the points 4, B, C and M. (2 marks)
¢ Find the modulus and argument of w. (2 marks)
d Find w® in the form a + bi. (3 marks)

16 An equilateral triangle has its centre at the origin and one vertex at the point (2, 1).
a Find the coordinates of the other two vertices. (4 marks)
b Show that the length of one side of the triangle is v15. (2 marks)

Challenge

Show that the points on an Argand diagram that represent the roots

6
of (Z-'_' 1) =1 lie on a straight line.

29
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